In this paper, based on a non-Hermitian Wen-plaquette (toric-code) model, we developed a theory for the non-Hermitian Z2 topological order. The new topological theory is described by operation strings, phase strings, and dynamical strings for different topological excitations. The effective models for fermionic topological excitation becomes a non-Hermitian tight-binding lattice model. In particular, there exists spontaneous PT symmetry breaking for the topologically protected code subspace (the so-called topological qubits). At "exceptional points", the degenerate topological ground states merge and the topological degeneracy turns into non-Hermitian degeneracy. In the end, the application of the non-Hermitian Z2 topological order and its possible physics realization are discussed.
In this paper, based on a non-Hermitian Wen-plaquette (toric-code) model, we developed a theory for the non-Hermitian Z2 topological order. The new topological theory is described by operation strings, phase strings, and dynamical strings for different topological excitations. The effective models for fermionic topological excitation becomes a non-Hermitian tight-binding lattice model. In particular, there exists spontaneous PT symmetry breaking for the topologically protected code subspace (the so-called topological qubits). At "exceptional points", the degenerate topological ground states merge and the topological degeneracy turns into non-Hermitian degeneracy. In the end, the application of the non-Hermitian Z2 topological order and its possible physics realization are discussed.
The non-Hermitian Hamiltonians obeying Paritytime(PT )-symmetry as a complex extension of the (Hermitian) quantum mechanics can exist purely real energy spectrum, which was proposed by Bender and Boettcher [1] . It can exhibit spontaneous PT -symmetry breaking accompanied by transition from real to complex. The energy degeneracy points in non-Hermitian system are called "exceptional points"(EPs), at which energies coalesce and eigenvectors merge with each other. In physics, PT -symmetric non-Hermitian systems are always obtained by appropriately engineered gain and loss that are steady systems out of equilibrium. There are a variety of suitable platforms to realize PT -symmetric non-Hermitian systems, such as optical waveguide [2] , electronics [3] [4] [5] , microwaves [6] , acoustics [7] [8] [9] and singlespin system [10] . Some applications associated with PTsymmetric system have been explored including unidirectional transport [11, 12] and single-mode lasers [13, 14] .
On the other hand, the PT -symmetric non-Hermitian topological states of tight-binding models have been widely studied [15] [16] [17] [18] [19] [20] .
The classification of nonHermitian topological phases in terms of symmetry has been developed including PT -symmetry [21] [22] [23] . However, there exists another type of topological states beyond Landau's symmetry breaking paradigm -topological orders [24] . For the topological orders, all the excitations are gapped and have fractional statistics and the ground states have topological degeneracy, i.e., the quantum degeneracy for the ground states depends on the genius of the manifold of the background. The degenerate ground states of a topological order (on a torus) make up a protected code subspace (the topological qubit). It is possible to incorporate intrinsic fault tolerance into a quantum computer -topological quantum computation (TQC) which avoids decoherence and is free from errors [25] .
A question is "How about topological orders meet PTsymmetric non-Hermitian? " In this paper, by taking the Wen-plaquette (toric-code) model as an example,
are Pauli matrices on sites i. In this paper, g is set to be unit, g ≡ 1. For this model, the HamiltonianĤ NTO is PT invariant, i.e., the time reversal operator T has the function T iT = −i and the parity operator P has the function of rotating each spin by π about the x-axis P = N j=1 σ x j . As a result, we have P,Ĥ NTO = 0 and T ,Ĥ NTO = 0, but
For the case of g ≫ h x , h z ,Ĥ NTO →Ĥ TO , we have a Z 2 topological ordered state with a small nonHermitian term. In this limit, the elementary excitations (Z 2 -vortex/charge) are defined as F i = −1 at odd/even sub-plaquette. The bound states of a Z 2 -vortex and a Z 2 -charge on the two nearest neighbor plaquettes obey fermionic statistic. For the case of
is the number of lattice sites), we have a typical non-Hermitian Hamiltonian with spontaneous PT -symmetry breaking. In this paper, we focus on the case of g ≫ h x , h z and treat the non-Hermitian term H PT as a perturbation. Now, the ground state becomes a non-Hermitian Z 2 topological ordered state. Strings for non-Hermitian Wen-plaquette (toric-code) model : To characterize the quantum properties of the non-Hermitian topological order forĤ NTO , we introduce three types of strings along a N -step loop C N : the operation strings W a (C N ), the (Hermitian and nonHermitian) phase strings P a (C N ), and the (Hermitian and non-Hermitian) dynamical strings D a (C N ). The indices a = v, c, f correspond to three types of quasiparticles (Z 2 -vortex, Z 2 -charge, fermion).
Firstly, an operation string is defined as the product of spin operators [25, 26] , W a (C N ) = i∈C σ si i , where i∈C is over all the sites on the string along a loop C. A phase string is introduced as the product of phases along a loop C, P a (C N ) = i∈C e . For a given topological excitation (a = v, c, or f ), a dynamic string is a combination of an operation string and a phase string, according to the relationship of the three types of strings, i.e.,
We verify Hermitian/non-Hermitian dynamical string D a (C N ) by verifying its conjugation. For the case of
, a dynamical string is non-Hermitian. In particular, a dynamical string is PTsymmetric non-Hermitian when it satisfies the following conditions, [P,
For the non-Hermitian topological order described bŷ H NTO , we show the detailed definitions for different strings.
To create a Z 2 -vortex/Z 2 -charge, one define the operation string that connects the odd (even) sub-plaquettes W v/c (C N ) = i∈C σ si i . The product i∈C is over all the sites on the string along a loop C connecting oddplaquettes (or even-plaquettes), s i = x if i is odd and
The phase string and dynamical string for Z 2 -vortex/Z 2 -charge are obtained as
The operation string for fermion is defined as 
The phase string and dynamical string for fermions are PT -symmetric nonHermitian according to [ 
Effective Hamiltonian for quasi-particles -physics for one-step open dynamical strings: The open string creates two point-like objects that correspond to different types of quasi-particles (topological excitations) at its ends. In this part we use the perturbative method in Ref. [27] to describe the effective Hamiltonian of quasi-particles. These many-body Hamiltonians describe a hard-core boson/fermi system.
In the perturbative method, each hopping termt
for Z 2 -vortex/Z 2 -charge on I a -lattice (a = v on lattice of odd sub-plaquettes and a = c on lattice of even subplaquettes) is proportional to to a one-step dynamical stringt
(2) where φ † a,I a is the generation operator of the Z 2 -vortex/Z 2 -charge. Here, e I a x I a is the unit vector along x I a direction on I a -lattice, of which the lattice constant is g . When the term h x becomes larger and larger, the energy gap for Z 2 -charge/Z 2 -vortex closes and quantum phase transition occurs.
In the perturbative method, the hopping termt
for two types of fermion on I f -lattice (lattice of links) is proportional to to a one-step dynamical stringt
where φ † f1,I f and φ † f2,I f are the generation operator of the fermionic quasi-particles on two sub-links, respectively. Here, e 
It is obvious that the energy spectra for fermions become complex with finite h z .
Effective pseudo-spin model for topologically degenerate ground states -physics for topological closed dynamical strings: The ground state forĤ TO is a Z 2 topological order [25] [26] [27] . The ground states have topological degeneracy, i.e., different topologically degenerate ground states (TDGSs) are classified by different topological closed operation strings (TCOSs) W a (C close,topo N ). Under the periodic boundary condition (on a torus) for H TO , the degeneracy is dependent on lattice number, i.e., 4 on an even-by-even (e * e) lattice, 2 on even-byodd (e * o), odd-by-even (o * e) and odd-by-odd (o * o) lattices. Thus we get a four-level (or two-level) system which can be mapped onto an effective pseudo-spin model for TDGSs [27] .
After considering a perturbative non-Hermitian term H PT , the quantum tunneling processes occur that change one ground state to another . Then the transfer matrices between different TDGSs are characterized by the expectation values of topological closed dynamical strings (TCDSs) D a (C close,topo N ) around the torus. In the following parts we will derive the effective pseudo-spin model for TDGSs by calculating the expectation values for D a (C close,topo N ). Firstly, we study the effective pseudo-spin model for TDGSs on an e * o lattice that are characterized by TCOSs W a (C Lx ), W f (C Ly ) (a = v or c). Due to W a (C Lx ), W f (C Ly ) = 0, we represent W a (C Lx ) and W f (C Ly ) by pseudo-spin operators τ x and τ z , respectively. Now we map the two-fold TDGSs |m = 0 and |m = 1 onto quantum states of the pseudo-spin τ z as |↑ and |↓ , respectively. Here, m is topological number of π-flux inside the holes of torus.
Under the perturbation,Ĥ PT , there are two types of quantum tunneling processes -virtual Z 2 -vortex/Z 2 -charge propagating alongê x −ê y directions around the torus and virtual fermion propagating alongê y direction around the torus.
For the virtual Z 2 -vortex/Z 2 -charge propagating alonĝ e x −ê y directions around the torus, the energy splitting )) of Z 2 -vortex (or Z 2 -charge) plays a role of τ x on the quantum states, we obtain the effective pseudo-spin Hamiltonian for TDGSs due to the contribution of Z 2 -vortex (or Z 2 -charge) as ∆ 2 τ
x ; For the tunneling process of fermion propagating around the torus along directionê y , we obtain the energy differ-
) of fermions plays a role of τ z on the quantum states, we obtain the effective pseudo-spin Hamiltonian for TDGSs due to the contribution of fermions as ε 2 τ z . Finally, the two-level quantum system of the two TDGSs on an e * o lattice is obtained as [27] 
where ∆ = αh
L0 x
and ε = β(ih z ) Ly (α and β are two real parameters). In thermodynamic limit, L 0 , L y → ∞, we haveĤ o * e eff → 0 and the topological degeneracy becomes perfect and the Z 2 topological order is stable. According to odd number L y , Re ε ≡ 0 and Im ε = ±16L x L y g( hz 8g ) Ly = 0, the effective pseudospin model turns into the typical PT symmetric nonHermitian 'Hamiltonian' that is invariant under a combined parity (P) and time-reversal (T ) symmetry for h x and g, where P → τ x simply corresponds to an exchange of the two TDGSs and T : i → −i. As a result, for odd number L y , we have P,Ĥ PT spontaneous symmetry breaking for degenerate ground states: In this part, we focus on the TDGSs for a system on an e * o lattice and show its PT spontaneous symmetry breaking.
The effective pseudo-spin model for TDGSs is obtained asĤ 
, where sin Θ = |ε| /∆ [28] . The energy splitting of two TDGSs is δE = E + − E − . For the case of ∆ ≥ |ε| the system belongs to a phase with PT symmetry, of which E + and E − are real and the eigenvectors are eigenstates of the symmetry operator, i.e., PT ψ ± = ψ ± . For the case of ∆ < |ε|, E + and E − are imaginary that correspond to a gain eigenstate and a loss eigenstate, respectively, i.e., PT ψ ± = ψ ± . A PT -symmetry-breaking transition occurs at the exceptional points |ε| = ∆ [1] that leads to the following relation α(h x ) Lx Ly ξ = β(h z ) Ly . In Fig.1 , we plot the numerical results from the exact diagonalization technique of the Wen-plaquette model on 2 * 3 lattice with periodic boundary conditions. Fig.1(a) shows the global phase diagram of PTsymmetry-breaking transition for TDGSs. The phase boundary are all exceptional points characterized by the relation α(h x ) 6 = β(h z ) 3 . In Fig.1(b) and Fig.1(c) , we plot the real parts and imaginary parts of energy splitting for the two TDGSs for the non-Hermitian Wen-plaquette model with h x = 0.2 on 2 * 3 lattice, respectively. The results are consistent to theoretical prediction: the step of dynamical strings for fermions is 3.05 from the numerical results (the theoretical prediction is 3).
Application -initialization for quantum computation based on topological qubits: It was pointed out that the TDGSs for a Z 2 topological order make up a protected code subspace (the so-called toric-code) free from error [25] [26] [27] . One can manipulate the protected code subspace by tune their quantum tunneling effect [27] . However, due to the very tiny value of energy splitting for TDGSs, the initialization for quantum computation based on such topological qubits becomes very difficult.
We propose an alternative approach to initialize the system (for example, the TDGSs on an e * o lattice) into a particular pure state. The basic idea is to drive the topological qubit to exceptional points by adding external field and then removal it slowly. This evolution will occur along the exceptional points according to the Hamilto-
At the beginning, t → −∞, under the finite external field h x (t), h z (t), the system is at exceptional points. The effective Hamiltonian of the topological qubit in the external field becomesĤ
. Due to the non-Hermitian term, the topological degeneracy is reduced into non-Hermitian degeneracy at the exceptional points. As a result, there doesn't exist topological degeneracy and the two TDGSs merge into one quantum "steady" state, ψ + → |0 − i |1 ⇔ ψ − → |0 − i |1 . At the time t = 0, when the external field disappears, h x (t) = 0, h z (t) = 0, a pure quantum state for quantum computation based on topological qubits is initialized as |0 − i |1 . This approach to initialization for topological qubits is much more efficiency than the traditional approach by adding a real external field in Ref. [27] .
Conclusion: In this paper, the theory of non-Hermitian topological order is developed based on a non-Hermitian Wen-plaquette model. The effective models for bosonic topological excitations (Z 2 charge and Z 2 vortex) are Hermitian tight-binding lattice model; the effective model for fermionic topological excitation becomes a nonHermitian tight-binding lattice model. In addition, the effective pseudo-spin model for TDGSs by calculating the expectation values for topological closed dynamical strings D a (C close,topo N ). For the TDGSs of non-Hermitian Wen-plaquette model on an e * o, or o * e, or o * o lattice, the effective pseudo-spin model turns into the typical PT symmetric non-Hermitian 'Hamiltonian'. In particular, there exists spontaneous PT symmetry breaking for the TDGSs (topologically protected code subspace). At "exceptional points", the TDGSs merge and the topological degeneracy turns into non-Hermitian degeneracy. By tuning the exceptional points, an efficiency approach to initialization for topological qubits is proposed.
In the end, we address the experimental realization of the non-Hermitian Z 2 topological order. It is still of challenge both to experimentally investigate PT symmetric Hamiltonian related physics in quantum systems and to realize the toric-code model. A possible approach is cold-atom experiments: On the one hand, nonHermitian Hamiltonians arise in cold-atom experiments due to spontaneous decay [29] [30] [31] ; On the other hand, a small system for toric-code model has also been realized in cold atoms [32] .
